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The plastic flow associated with the three main methods of combining deformation mechanisms 
is described in terms of deformation kinetics. It is shown that the determination of the deformation 
kinetics as the initial step in the analysis is indispensable to the establishment of the activation 
parameters in functional forms. To this purpose, the effects of stress and temperature on the 
plastic strain rate are determined for three types of combined mechanisms, and qualitative com-
parison with experimental results is presented. 

I . Introduction 

Plastic flow within the usual stress and tempera-
ture ranges is a thermally activated process that 
is described generally by an Arrhenius-type equa-
tion as 

£P = £ o e x p ( - AGIkT) (1) 

where ep is the plastic strain rate, EQ is the pre-
exponential factor, k is the Boltzmann constant, 
and T is the absolute temperature. The Gibbs free 
energy of activation, A G, is a function of the effec-
tive stress r expressed as [1, 2] 

AG(r) = AG0- f Vdr 
0 

where V is the activation volume. 
Experimental results are often described in 

terms of (1), representing the effect of the stress 
and temperature by the empirical functions 

AG = AG(r, T), V = V(r, T), (2) 

and 
so = £ O ( T , T). 

These relations are concise and, therefore, con-
veniently represent the experimental behavior, but 
not necessarily provide physically correct descrip-
tions of the deformation processes. Numerous 
relations based on micromechanical models have 
been proposed to describe plastic flow according 
to (2); these models allow the determination of a 
"force-distance" relation that exists between, for 
example, a moving dislocation and the solute 
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atoms. Although these concepts are useful and 
certainly valid for a single dislocation, their direct 
application to experimental results through (1) is 
questionable. Similar^, the determination of a 
force-distance relation from experimental results 
is a mere rationalization of the observed behavior. 

A more obvious drawback of the use of (2) with 
the Arrhenius relation is the limited validity of the 
latter: it is physically valid only when a single 
energy barrier controls the plastic flow and the 
backward activation is negligible, that is, at high 
stress level or low temperature. Even in these condi-
tions, Eq. (2) remove the physical meaning of the 
Arrhenius equation that describes the effect of the 
temperature through the explicit temperature term 
in the exponential. This does not mean that AG 
and eo are temperature independent (AG is pro-
portional to the elastic constants that are tempera-
ture dependent) but that this temperature depen-
dence is negligible with respect to the explicit 
temperature term. Similarly, the stress dependence 
of the plastic strain rate has to follow essentially 
the stress dependence of the activation energy that 
is, in turn, affected by the work done during the 
activation process. 

Ashby [3] has clearly shown that it is only in 
limited stress and temperature ranges that a single 
energy barrier controls the plastic flow. Since 
generally several processes are operating [4, 5], the 
parameters obtained from Eq. (1) are only phenom-
enological parameters, weighted averages, and do 
not reflect the properties of a single mechanism [6]. 
To obtain a physically meaningful description of 
the experimental results, a kinetics analysis [7, 8] 
has to be carried out first, that will give the appro-
priate combination of the mechanisms. Then, as 
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it is practiced in chemical kinetics studies, the 
combination of the individual rate constants can be 
determined [9 — 11]. Finally, from the kinetics 
equation the functional form of AG, V and £o may 
be derived. 

In this study, combinations of the elementary 
processes are presented in a comprehensive and 
rigorous manner. The stress and temperature 
dependence of the strain rate obtained for each 
combination may serve as a guide for the deter-
mination of the kinetics associated with the be-
havior in the experimental results. 

2. The Combinations of the Elementary Processes 

(i) The movement of dislocations along various 
slip planes [4, 5], or the simultaneous operation 
of various types of flow units (dislocations, vacan-
cies) that produce the observed strain rate are 
controlled by mechanisms that may be designated 
as "parallel-independent" ( "PI " ) . 

(ii) "Parallel-dependent" ( " P D " ) association of 
mechanisms was one of the first combinations 
utilized to describe the creep behavior of many 
materials [12]. This association corresponds to the 
movement of dislocations that encounter obstacles 
in their slip plane, such as the combined resistance 
raised by the forest dislocations and various types 
of precipitates, or the Peierls-Nabarro energy bar-
rier. 

(iii) The rate controlling mechanisms are "con-
secutive" ( "C" ) when the dislocation motion ob-
stacles consist of energy barriers in series. This is 
the case when the dislocation movement results 
from double kink nucleation and sideways spread-
ing, controlled by point defects [6, 13 — 15], This 
also happens in the movement of jogged screw 
dislocations because the displacement of the jogs 
requires vacancy diffusion [16]. 

3. The Kinetics Description 

The plastic strain rate caused by dislocation 
movement is given as 

£p = a bqv 

where a is a geometrical factor, b is the Burger's 
vector and o is the dislocation density. The average 
velocity v may be expressed as 

v — Ik 

where I is the average distance moved by a disloca-
tion after activation, and k is the net activation 
rate that is a function of the actual combination 
of mechanisms. When a single energy barrier con-
trols the process, the forward rate of activation is 
expressed as [8, 9J 

kt = 
kT 

h 
exp 

AGi 
kT 

Combining these equations, the plastic strain rate 
in the forward direction only becomes 

kT ( AGt 
et = <x.b gl ----- exp — 

AGt 

k T 
— £0 exp — 

The net rate is the difference between forward and 
backward activations [8, 17]: 

£p = eof exp (— A Gtjk T) 

— £ob exp (— A G^/k T). (3) 

where the subscripts f and b identify the direction 
of the flow. The Gibbs free energy of activation 
in the two directions is defined by the rate theory 
as 

AGt = AG* - Wt{r) 

and 
AGh = AGJ + Ifb(r) 

where W is the work done by the stress during the 
activation process, and AG* is the height of the 
free energy barrier. When backward activation is 
negligible, Eq. (3) reduces to (1). At low stress level, 
however, the work terms are small and backward 
activation must be considered. In fact, at zero 
stress level, the plastic strain rates resulting from 
forward and backward activations are equal, and 
the net plastic strain rate is zero. Equation (3) 
was shown to describe very well the deformation 
behavior of a number of materials [17, 18]. For 
symmetrical energy barriers, (3) reduces to 

£p = 2 i o e x p ( - AG*lkT) 

• sinh [IF(T)/kT] . (4) 

When the plastic strain rate is determined by 
a combination of mechanisms, each barrier asso-
ciated with a single mechanism is individually rate 
controlling only in a limited range of stress and 
temperature. The associated activation param-
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eters cannot be measured outside this range, and 
the Avork terms in this short range of stress may be 
linearized as 

A G { T ) = A G * - W{r) 

= Z K T ( T O ) + (T — To) 
d AG 

dr 

Utilizing the notations 

d A G 

dr 
A Go = AG (to) + Fr0 

where To is any reference stress in the range Avhere 
the energy barrier is indiAridually rate controlling 
(Fig. 1), the Gibbs free energy is then expressed as 

A G { t ) = A G O - FT 

Avhere the activation volume V is considered to be 
constant. 

For parallel-independent combinations, the plas-
tic strain rate is the sum of the contributions from 
each mechanism. When the energy barriers are 
symmetrical, ep is expressed as 

2£< = 2 2 co,i £p 

exp ( — Zl Go, i/k T) sinh (Ff T/& T) (5) 

where the orientation of the slip planes is taken into 
consideration by eo,i [4, 5]. For parallel-dependent 
associations, Avhen the dislocation line moves at 

St ress 

Fig. 1. Stress dependence of the activation energy for an 
energy barrier that controls the plastic strain rate indi-
vidually only in the shaded stress range. The dashed line is 
the useful, observable approximation. 

a uniform rate, the stress is the sum of the stresses 
associated AA'ith each of the individual barriers [19]: 

r= J^Ti 
i 

and for symmetrical barriers [7, 12] 

„ , 
7 sinh - 1 

i Vi 2eo j 
(AG0,i 

exp I-
kT (6) 

The behavior of a system of n consecutive energy 
barriers is usually described by equating the flows 
Fi (Fig. 2) over the n barriers of the system [8, 20]. 

React ion coordinate 
Fig. 2. Schematic representation of a system of n consecutive energy barriers. 
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It can be shown (see Appendix) that in steady-state 
the plastic strain rate is 

n ii 4- n — 1 
£p = £0 /

n [ t 4- n - 1 \ 
. 1 1 2 (7) 

and the dislocation densities in front of each barrier 
are 

»4 + 1—1 i JL71 +ir1 

(8) 

N• ~R I — ± I U U , I — I 

Qt= Qt 2 W 2 2 
j = i / i = 1 j = i 

4. The Stress Dependence of the Plastic Strain Rate 

The stress dependence of the plastic strain rate 
can be established from the rigorous kinetics de-
scriptions given by Eqs. (5) to (7). The derivation 
will be carried out for two energy barriers, because 
the generalization is easy to obtain [21—23]. 
Accordingly, for the parallel-independent processes 
(5) becomes 

£p = £01 e x P f 

+ £02 exp — 

kT 

A G02 V2T 
kT (9) 

for the parallel-dependent mechanisms Eq. (6) is 

kT 
r = Ti + t2 = -77— s inh - 1 

Fi 

epexv{AG0l/kT) 

kT 
-rr— sinh -1 

V 2 

2 £ 0 1 

epexp {AG02lkT) 

2 £02 

and, in the case of two consecutive energy barriers, 
(7) takes the form 

£p = £0 exp 
AG, Vtr 

kT 

IA G02 — V2r 

- e X p [ — k T ( 1 1 ) 

In (9) and (11), the terms associated with backward 
activation have been neglected; they will be con-
sidered only qualitatively at low stress level. 

The stress dependence of the strain rate is shown 
in Fig. 3 for the three tj-pes of combination. The 
curves were calculated with the use of (9) to (11), 
by determining the behavior at low and high stress 
levels. For example, in the case of parallel-depen-
dent mechanisms, when t i and r 2 are both large, 
the arguments of the sinh -1 functions are large 

(b) 
Fig. 3. Schematic stress dependence of (a) the plastic strain 
rate and (b) the experimental activation volume for the 
various combinations of two mechanisms. 

^ ^ and (10) reduces to 

T — T\ ~ T2 In 
kT 

Vi 
kT 

£p exp (AG0llkT) 
£ot 

ep exj)(AG02lkT) 

£ 0 2 

whence 

111 Er 
V2 In g01 + Fi In g02 

Fi + V2 

V2 A G 0 l + Fi A G02 

(12) 

Fl VoT 

( F i +V2)kT 

At low strain rate Ti becomes very small and the 
ratio Ep exp(AG01/kT)/"2e0l is much less than one. 
Therefore, (10) reduces to 

T ^ R 2 

kT 
Vo 

sinh -1 
£p exp (AG 0 . 2 lkT) 

£02 

and when r2 is large enough 

A G Q2 
V 

kT 
~ - In (£P/e02) 
y 2 
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whence 
AGQO — F02T 

In £p = In £02 ~ • ( 1 3 ) 

Figure 3 b indicates the stress dependence of the 
experimental activation volume, FeXp, obtained 
from the relation 

F e x p = JcTd In gp/ßr. 

The experimental activation volume becomes in-
finitely large at low stress level because all curves 
in Fig. 3a approach asymptotically the ordinate. 
This is a geometrically general, inescapable condi-
tion, because £p = 0 is at minus infinity on the 
In axis. It has been shown [17,24] that £p = 0 
when forward and backward activations are equal. 
The waviness of the curves in Fig. 3 b, due to the 
combinations of mechanisms, may be smaller than 
the experimental scatter and are not necessarily 
observed. Many measurements, however, do show 
a behavior similar to the theoretical curves, and 
examples are given in Figs. 4 and 5. 

For each of the three combinations a transition 
stress r* may be defined as the stress at which the 
strain rates, obtained at low and high stress levels, 
are equal [22, 23, 25]. From Figure 3a, or from the 
corresponding equations derived from (9) to (11), 
the transition stresses are 

, AGm-AGn kT jeu\ 
T p l = F . - F x + r , I': U J ' 

„ A GQO — A G0i 1c T I fox \ 

• v s — + T T l n r d 1 

and 
t A GQO — A Cry} 

T c = V* - Fi " • 

These relations indicate that the transition stress 
is temperature dependent when the mechanisms 

are parallel-independent and parallel-dependent. 
The temperature independence of the transition 
stress for the consecutive systems is in contradic-
tion with the conclusions of previous analyses that 
were based on the essentially phenomenological 
"power law" relation [22, 25]. Although it is a con-
venient relation for some engineering applications, 
it may lead to incorrect conclusions. For example, 
the constant stress exponent, that is, the constant 
slope of the In £p vs. In r curve indicates that a 
single mechanism operates. The same results ana-
lyzed in terms of deformation kinetics and repre-
sented in the In £p vs. r system would indicate the 
operation of either consecutive or parallel-depen-
dent mechanisms. This example illustrates the pre-
cautions that must be taken before establishing 
the deformation mechanisms. It is of interest to 
note that while only two terms were used in Eq. (11) 
to describe the behavior at the transition in a con-
secutive energy barrier system, a comprehensive 
study of two barrier systems [23] has shown that 
three rate constants in the denominator of Eq. (7) 
may be individually rate controlling and thus two 
transitions may be observed. 

Figure 4 shows some of the stress relaxation 
results of Law and Beshers [26] obtained at room 
temperature for various metals. Comparison with 
Fig. 3 indicates that the plastic flow of fee metals 
may be controlled by parallel-independent mecha-
nisms, that of iron either by consecutive or parallel-
dependent mechanisms, and that of titanium by a 
single energy barrier with constant activation 
volume. The stress dependence of the activation 
volume in high purity iron has been shown to be 
of the kind described in Fig. 5 [27—29]. It may be 
proposed that in region I of Fig. 5, a single mecha-
nism controls the plastic flow and that the effect 
of backward activation is noticeable. In region II, 
the same mechanism is combined independently 

Fig. 4. 
Stress relaxation 
in metals at room 
temperature [26]. 

44 48 52 160 165 170 175 220 225 230 430 440 450 460 470 480 
Stress/MPa 
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Fig. 5. Schematic representation of the stress dependence 
of the activation volume for plastic flow in pure iron [27 — 
29]. In Region I a single mechanism is operating, in region 
II two parallel-independent mechanisms, and in region III 
either two parallel-dependent or two consecutive mech-
anisms. 

in parallel with a second mechanism, and in region 
I I I , there is either a parallel-dependent or a con-
secutive association of the second mechanism with 
a third one. The stress dependence of the three 
Gibbs free energies that could be associated with 
the three mechanisms is shown schematically in 
Figure 6. The activation volume for the third 
mechanism may be slightly stress dependent, par-
ticularly if it controls independently the rate of 
flow in a wide stress range. The behavior depicted 
in Fig. 5 usually disappears at higher carbon con-
centrations and the curve becomes monotonous. 
This may result from either an upward displace-
ment of curve 1 in Fig. 6, or a displacement to the 

Fig. 6. Schematic stress dependence of the three Gibbs free 
energies that may be associated with the three mechanisms 
of Figure 5. Mechanism 1 is operating in region I, mecha-
nisms 1 and 2 in region II and mechanisms 2 and 3 in region 
III. At low stress level (shaded region) backward activation 
becomes noticeable and should be considered. 

right of curve 2 due to changes in the free energies 
associated with changes in the carbon content. 
This tentative description of the experimental re-
sults is incomplete by far, nevertheless, it illustrates 
the possibilities of the kinetics analysis to improve 
our understanding of deformation behavior. 

5. The Temperature Dependence of the Plastic 
Strain Rate 

The temperature dependence of the strain rate 
is also obtained from Eqs. (9) to (11) by analyzing 
the behavior at IOAV and high temperatures under 
constant stress. However, it can be deduced from 
the stress dependence also, because it is well-known 
that increasing the temperature has the same effect 
as decreasing the strain rate. For example, in the 
case of parallel-dependent mechanisms, the argu-

ep exp (zl GoijkT) 
ments of the sinh -1 

eo i 
functions 

are large at low temperature. The plastic strain rate 
at IOAV temperature is thus described by Equation 
(12) that was used for high stress level. Simi-
larly, Equation (13) describes the behavior of 
parallel-dependent mechanisms at both IOAV stress 
level and high temperature. The temperature depen-
dence of the strain rate is shown in Fig. 7 a for the 
various combinations. The experimental activation 
energies Zl(?exp Avere obtained from the empirical 
Arrhenius equation as 

Zlöexp = - fcöln £p/e L/T. 

It is of interest to note that for consecutive systems 
Zl$exp is almost independent of the temperature. 

Similarly to the transition stress, a transition 
temperature T* may be defined as the temperature 
at which the strain rates, obtained at IOAV and high 
temperatures, are equal. The same equations that 
AATere used to derive the stress dependence, Eqs. (12) 
and (13), can be used to derive the transition 
temperatures. Accordingly, the corresponding rela-
tions are 

AG0l- AG02- (Vi - F 2 ) r 
1 pt = 

and 

T* — l ]> ] } — 
AG, 

Ä-ln(£01/£02) 

^ ^02 + 1*2 T 
fcln(£01/£02) 

For consecutive systems, because £01 = £0:>, the 
transition temperature becomes infinite, indepen-
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ln£p' 
ine«. 

V2ln£01*V|ln£0; 
V,*V2 

l n£ n - l n£ n 

iApd 1API 
AGexp i 

AG0,-V,T 

(V1+V2) 

AGC 

1/T 

para l l e l -dependen t 

para l le l - independent 

1/T 
Fig. 7. Schematic temperature dependence of (a) the 
plastic strain rate and (b) the experimental activation 
energy for the various combination of two mechanisms. 

dently of the stress level. This conclusion is again 
in contradiction with previous analyses; the reason 
is that, in general, the plastic strain rate for con-
secutive systems is obtained from the relation 

1 1 1 
£ p £ l £ 2 

without specifying £1 and £2 (e.g. [22]). Deforma-
tion kinetics studies show (Appendix) that the 
plastic strain rate is 

£p = eo/Ci + h ) 
or 

1 1 1 

£p solh ' £0/̂ 2 

where t\ and t2 are of the form 
h 

exp {AGi/kT). U = 
kT 

The two strain rates £1 and £2 are, therefore, equal 
only at infinite temperature. If the temperature 

dependence of the Gibbs free energies is considered, 
the transition temperature for consecutive systems 
may be expressed as 

AH! - AH2 
1 c AS! - AS2 

(14) 

where AH and represent the enthalpy and the 
entropy of activation respectively. In general, it is 
assumed that the temperature dependence of the 
Gibbs free energy of activation is weak [1,30], 
therefore, both AS in (14) are small. Thus, the 
difference AS\ — AS2 is very small and the transi-
tion temperature T* very large. 

The experimental results obtained by Burton 
and Reynolds [31] for high temperature creep of 
uranium dioxide are shown in Figure 8. The be-
havior is typical of consecutive or parallel-depen-
dent combination of mechanisms. The analysis by 
Gilbert and Munson [32] of the experimental results 
obtained by several authors indicates that the 

10 

10 

1 0 ' " 

V) 
\ 
•<JJ 

10 -

10 -

60MPa 

40MPa 

8MPa 
10 

20MPa 
15MPa 

IQMjPa L 

5.5 7.0 6.0 65 
i o 4 T - y K - ' 

Fig. 8. T h e s teady state creep rate o f uranium d iox ide [31] . 

7.5 
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8 9 10 11 12 13 14 15 16 
10' r / K " 

Fig. 9. The minimum creep rate of copper [32]. 

"creep of copper is a multistep reaction composed 
of at least two and possibly three distinct steps 
acting in parallel". The temperature dependence 
of the strain rate in copper is shown in Figure 9. 
Li [22] has listed a number of materials for which 
the plastic flow is controlled by the simultaneous 
operation of various mechanisms. 

6. Conclusion 

Deformation behavior is often controlled by more 
than one mechanism and the experimental results 
have to be analyzed accordingly. The present study, 
based on a rigorous theory, indicates the various 
behaviors that are associated with the various 
types of combinations. It has to be recognized that 
the establishment of a particular kinetics is not 
an easy undertaking: experimental results have to 
be obtained in wide stress and temperature ranges 
for almost the same state of the material, and this 
is not always possible. Then, the experimental 

results must be fitted to one of the proposed Eq. (9) 
to (11) or to the combinations of them, utilizing 
the method of Hanley and Krausz [33]. It is hoped 
that more investigators will follow the rigorous 
method of kinetics analysis and thus contribute to 
the understanding of deformation behavior. 
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Appendix 

The steady state net flow over each of the n 
barriers of the consecutive system shown in Fig. 2 
is obtained [8, 20] as 

F i = oi ik1 - 0 2 ^ 2 = F, 

Fi = o* ik*' — oj+i l'k;+i = F , 

Fn = QnrMn — Qi nki = F , (A . l ) 

where Qi is the concentration of dislocations (or 
flow units) in the i-th valley, and the activation 
rates are expressed for forward activation as [8, 9] 

kT 
ik1 = —7— exp 

h 

kT 
exp 

kT ) 

iAG^-jWH r ) 
kT 

and for backward activation as 

kT I iAGi+1 
= exp - k T 

kT 

h 
exp 

kT 

71 
J = 2 

Multiplying the i-th line (i = 2, . . . , n) of Eq. (A . l ) 
by 

' - i k j 

" A 7 

and adding we get 

i k 2 2 k 3 . . . " - i k w " k i 
2k2 3k3 . . . „k " 

« • 1-Iky 

e i ^ i k i -

= F 1 + 2 * fk, 1 = 2 3 = 2 
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or, dividing by ik1 

e i [ l - e x p ( 1 W 1 / k T ) ] = F 2 - J i F 2 <« . (A .2 ) 
1 I«-' t=l 

Equation (A.2) is obtained by considering that 
1 k 2 2 k 3 . . . " - 1 k n " k i 

i k 1 2 k 2 . . . n k n 

= cxp^AGi - ^AG2 + 2AG2 - ••• 

-f nAG» - «AGi)lkT] 

= cxp[iz1(?14= - 1AG* +2AG2* - ••• 

-hnAGn* — nAG*)/kT] 

X e x p [ — (iTF1 -j- lW2 + 2W2 + ••• 

+ nW" + "WJIkT] 

= exp [— (iJF1 + 1W2 + --' + nW\)fk T] 

= exp (— i W i j k T ) 

as illustrated in Fig. 2, and because after over-
coming the w-barriers of the consecutive system 
at zero stress level the dislocations are in an identi-
cal energy state so that 

iZlG1 

Also 

1 i 

IAG2* + + nAGn-
1 * 
r 3 *AG? 

71 
x k 2 . . . l _ 1 k i 

ik1 j = 2 jki i k x 2 k 2 . . . j k f 

iAGi _ l jG 'a + 2AG2 -

h 

kT 

• exp 
<-1 AGt + iAG* 

kT 

h (iAG*\ 1 
e x P 1 = hi = kT~"L'\kT] 11 jM 

Avhere iAG1 is illustrated in Fig. 2, and ik* repre-
sents the rate of activation for a dislocation from 
the first valley over the i-th barrier in the forward 
direction. 

Because the choice of the first barrier is arbitrary, 
n equations similar to Eq. (A.2) may be written as 

e t [ 1 - exp (— iWi/kT)] = F J (A.3) 
j = i 

Avhere i Wi , as 1 IFi, is the work done by the stress 
as a dislocation moves over the whole system, and 

iWi = lW1 = 2W2 = --- = nWn. 

Adding the n equations, one obtains 

1 — exp (— iWi/kT) 
* =Qt » / n + i - l \ - (A.4) 

2 2 
t=l\ j=i 1 

where the total number of dislocations is 

Qt = Qi + Q2 H b Qn • 

Considering that after activation over the i-th 
barrier a dislocation produces the strain di, the 
strain rate resulting from the flow of the qt dis-
locations over the consecutive system is 

£p = EidiFi = F Eidi = F d 

and utilizing the notation 

£0 = <5 Qt, 

Equation (7) is obtained: 

1 -expi-xWj./kT) 
£p = £0 n / i + n — 1 

2 2 ' « 
i= l \ j=i 

The dislocation density in front of each barrier, 
as given by Eq. (8), is obtained by combining 
(A.3) and (A.4). For a two barrier system, (7) 
becomes 

1 - e x p ( - i l f i/kT) 
£p — £0 j 

7k 1 

1 1 
7iT2 + 1k2 

1 

2k1 

In a comprehensive study of these systems [23], 
it was shown that only three of the four terms in 
the denominator may have an individually notice-
able effect. Furthermore, neglecting the exponen-
tial term in the numerator, and when only two 
terms in the denominator are noticeable, the strain 
rate is expressed as 

£ 0 £ 0 

1 1 

k 1 + k. 

AGX 

kT 

( A G 2 

[kT\ 

kT 
where £0 has been used for —j— so. Hence. Eq. (11) 

h 
is obtained. 
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